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We report here the first systematic low-temperature expansion of the step free energy for the
simple-cubic nearest-neighbor Ising model and we obtain the facet shapes for the associated equilib-
rium crystal-shape problem. An expansion scheme is developed which makes explicit use of the
conjugacy between the step free energy and the facet shape. The calculation is structured as a per-
turbation expansion about the exact solution for the interfacial free energy of the two-dimensional
square Ising model. We find that the facet shape is approximated to better than 1% by the equilib-
rium crystal shape of the two-dimensional Ising model for temperatures less than about 72% of the
roughening temperature. In that temperature range overhangs and bubbles contribute less than
0.1% to the step free energy. At higher temperatures the facet shape is nearly circular with aniso-
tropies of less than 0.4% and a ratio of facet diameter to crystal diameter of less than 0.4. Extrapo-
lations into the isotropic region give critical roughening amplitudes consistent with recent Monte

Carlo data.

I. INTRODUCTION

The physics of the solid-fluid interface has been an ac-
tive field of condensed-matter research in recent years.
In particular, the roughening transition and equilibrium
crystal shapes have received much attention and have
been reviewed by several authors.!”* One of the most
basic quantities characterizing such an interface is the an-
isotropic step free energy y(6), the excess free energy as-
sociated with the creation of a unit length of a single step,
oriented at average angle 6 with respect to the surface
crystal axes, on an otherwise macroscopically flat sur-
face.> Exact solutions for y(60) exist for restricted solid-
on-solid (RSOS) models isomorphic to the six-vertex
model.>~® While these models show the expected univer-
sal XY-dual behavior at the roughening transition,” they
suffer from being unrealistic. The RSOS condition has
the shortcoming of suppressing many excitations isoener-
getic with those included. Such excitations, although ir-
relevant in a renormalization-group sense, ' will nonethe-
less alter the detailed, nonuniversal temperature evolu-
tion of ¥(6). An analytical calculation of y(8) for a more
realistic model has so far not been performed.

In this paper we present the first systematic low-
temperature (T) expansion of the step free energy for the
simple-cubic (SC) nearest-neighbor Ising model. Our em-
phasis here will be on the connection between the step
free energy and the shape of the corresponding facet of
the associated equilibrium-crystal-shape (ECS) problem.
As pointed out in Refs. 3 and 11, the step free energy and
facet shape are related via a Legendre transform, provid-
ed that the ECS has no slope discontinuity at the facet
edge. Making explicit use of this fact, we develop two ex-
pansions, one directly for the step free energy y(0)
(canonical) and one for the facet shape y(x) (grand
canonical). The expansion for y(6) about its T =0 cusps
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. is divergent where the expansion of y (x) is perfectly well

behaved, and in that sense the two expansions comple-
ment each other.

We focus on the SC Ising model not only because of its
simplicity and its fundamental importance to statistical
mechanics but also because it allows us to make contact
with the work of others. In addition to recent Monte
Carlo data'? for y(6=0), low-temperature expansions by
Weeks et al.'>!* for the (100) facet of SC Ising and the
associated SOS model allow the determination of the cor-
responding surface tensions I'(100) (Ref. 15) and
roughening temperatures T (Ref. 16). The expansions
of Weeks et al. involve the combinatorics of finite clus-
ters of adsorbed and/or desorbed atoms on an otherwise
flat interface. In this work, we are faced with the more
difficult problem of counting the configurations available
to these excitations in the presence of a step running
across the interface. Because of their interactions with
the step and the many degrees of freedom of the step it-
self, the complete combinatorics becomes exceedingly in-
volved. Fortunately, however, a large subset of
configurations is in one-to-one correspondence with those
of the two-dimensional (2D) Ising equilibrium-crystal-
shape problem, for which an exact solution is
known.!”!° We exploit this fact by structuring the ex-
pansions accordingly. While this simplifies our problem
considerably, the remaining combinatorics is still non-
trivial.

We generate fifth- and eleventh-order series for y(6)
and y (x), respectively. We estimate convergence of these
series for the symmetry directions to be better than 1%
for T <0.78T. Normalizing the step free energy to the
surface free energy of the facet, we calculate the ratio of
the facet diameter to the (100) diameter of the crystal.
Below 0.72T; we find that the facet shape is given to
better than 1% by the 2D Ising ECS. Corrections due to
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overhangs and bubbles contribute less than 0.1% in this
temperature region. Above 0.72Ty the facet shape is
essentially circular. From numerical extrapolations into
the critical region we obtain estimates for the roughening
temperature and for the critical amplitudes.

The remainder of this paper is organized as follows: In
Sec. IT we give the conceptual framework on which our
expansions are founded. The Legendre-transform conju-
gacy between the step free energy and the facet shape is
derived, and we show that the facet may be thought of as
a 2D ECS. We obtain expressions for the step free energy
and facet shape in terms of a canonical and grand canoni-
cal partition function, respectively. In Sec. III we use the
formalism of the previous section to calculate the step
free energy and the shape of the (100) facet of the SC Is-
ing model. In Sec. IV convergence estimates for the low-
temperature series are developed. The feasibility of ex-
tracting critical parameters from the series is discussed.
The results of such extrapolations are shown to be con-
sistent with Monte Carlo estimates. We conclude in Sec.
V.

II. STEP FREE ENERGIES AND FACET
SHAPES FROM INTERFACIAL FREE ENERGIES
AND EQUILIBRIUM CRYSTAL SHAPES

Consider a system of total volume V in equilibrium at a
first-order phase boundary. To keep the discussion sim-
ple, we shall tacitly assume the two phases to be sym-
metric, as they are in the Ising model.?’ Let % & denote
the Hamiltonian of this system, when the two phases are
forced to coexist separated by a macroscopically planar
interface of surface normal M and area 4 (Ref. 21).
When the system consists of only one phase, we denote
the corresponding Hamiltonian by #,. The interfacial
free energy per unit area I'(f) (surface tension) is defined
as the difference between the free energy of the system
with and without the interface,

—_ 7{/\ —_—
l"(fﬁ)=—kBTAlim i—(lnTre g ™ InTre 7"

%, (la)

or equivalently
r(ﬁ)zJiinw%(—kBTlnTre"ﬁﬂﬁ—Vfb), (1b)

where kjp is Boltzmann’s constant, B=(kz T) !, and
fo=—kgT ;}iinw[( 1/V)InTr exp( —BH,)]

J
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where A4,,=A4/(1+p?)!/?, § is the microscopic surface
separating the two phases, @i =(/s2,,/2,,,72,) is the local
normal of &, # (@) is the Hamiltonian?® of the system for
which an arbitrary macroscopic interface has been en-
forced (of planar topology but not necessary globally pla-
nar), and 3 (@) Sums over all such systems possible. In
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is the bulk free energy per unit volume. These thermo-
dynamic limits exist if microscopic interactions are
sufficiently short ranged.’®?! Once I'(fi) is known, the
ECS is determined by thermodynamics: In equilibrium
the total interface free energy must be minimized, subject
to the constraint that the subvolume enclosed by the in-
terface remain fixed. An elegant geometrical solution of
this problem is provided by the Wulff construction,?®?
which asserts that the ECS is, to within an overall scale
A, the interior envelope of the family of planes perpendic-
ular to and through the points MI'(f) (the “Wulff plot™).
If we describe the ECS in Cartesian coordinates as
z =2z(x), x=(x,y), the analytical statement of the Wulff
construction takes on a particularly transparent form: If
we let

f(p)=T(m)1+p*!"? with p=—g—i—

and

m=(—p,,—p,,1)/(1+pH)'"?, (2)
the normalized ECS is given by?*

z(x)-——%f(—kx) , (3)
where f(p) and f(7) are related through the Legendre

transform

fp=fp)—7np. 4)
7 and p are conjugate variables related by
n=%‘p’¢’ (52)
and
p=— Af () . (5b)
97

The constant A is the Lagrange multiplier of the constant
volume constraint and related to the pressure difference
between the two phases.?’ A sets the overall length scale
of the ECS.

At this point it is very useful to note that, in going
from f(p) to f(n) [Eq. 4)], we have passed from a
“canonical” ensemble at fixed macroscopic slope p to a
“grand canonical” ensemble, where all p are allowed and
7 (the external-field variable) selects a slope p (the magne-
tization or density variable) according to (5b). f may
thus be written as*®

—kpTInS Trexp {—3 [ﬂ[ﬁ}+n'fs(mx,my )d&] ]—Vf,, ] : ()

[

SOS models, the microscopic interface is simply connect-
ed and single valued so that

,,.fs(mx,my )de?=_,7.foyﬁ(x)dx dy ,

where £(x) is the microscopic slope of the interface.
Facets in the ECS arise from cusps of the Wulff plot

4,8,14
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mI(fM). In order for a cusp (which we take to be at
i, =%) to correspond to a facet with a smooth edge, it
must be of the form?’

I‘(ﬁ‘l)=l‘(’z‘)+-@¢+a(9)¢”+ . (7a)
with
U9 -y, L

a $—0 3¢ |,’ (7b)
where v> 1 and 8 and ¢ are the usual polar angles.?? The
physical content of the right-hand side (rhs) of (7b),
which allows its identification with y(6)/a and forms the
basis of our canonical expansion for y(6), may be seen as
follows: Consider a vicinal surface, that is, an inter-
face whose surface normal m=2Z-+8m, with &m
=J¢(sinf,cos0,0). Microscopically, this interface con-
sists of steps of height a which, on average, are inclined
at angle 6 with respect to the X axis, are parallel, and are
separated by a distance / >>a so that §¢=a /I. Consider
a patch of this interface of area 4 =I/L including a net
length of step L. The rhs of (7b) then reads by definition
[Eq. (1)]

or ) _ S T O —PH  om
Jm 5 . kpTlim - lim 5-(InTre
-7t
—InTre © %)
(8a)
:i S U B,
aLle 7 kg T InTre
— AT @)—vyf, | =10
a
(8b)

where 7{2’ o denotes the Hamiltonian for a system with a
single step of orientation € running across the facet of
normal Z. Equation (8b) will be the starting point for our
canonical expansion scheme for y(6). It emphasizes that
the step free energy is defined in precise analogy to the in-
terfacial free energy [Eq. (1)].

A simple but important consequence of the linear cusp
(7) is that the 3D Wulff construction for the ECS contains
a 2D Wulff construction for the facet shape.>!! To see
this, consider a cut through the 3D Wulff construction at
fixed 6 (see Fig. 1). It follows from elementary geometry
that, in the plane of this cut and in the limit as —0, the
intersection of the Wulff plane belonging to m(6,¢) (the
edge plane) with the Wulff plane of the cusp (the facet
plane) occurs at y(0)/a. The line of intersection of the
edge plane with the facet plane is, therefore, at a perpen-
dicular distance y(8)/a from the cusp. Carrying out this
procedure for every angle 6 produces a family of lines in
the facet plane, each member of which is at perpendicular
distance y(0)/a from the cusp. The facet shape is the in-
terior envelope of these lines because the ECS is the inte-
rior envelope of the corresponding planes. This shows
explicitly that the facet shape is obtained as the 2D Wulff
construction of a polar plot of y(8)/a. It is straightfor-
ward to show that, wherever y(6) is differentiable, the
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FIG. 1. Perspective view of a fixed-6 cut through the ECS
and its Wulff plot as described in the text. The Wulff plane
shown is tangent to the ECS at point B in the rounded or rough
region of the ECS. In the limit as $—O0 (M —2) this plane in-
tersects the facet plane, which is the Wulff plane of the cusp,
along a line (dashed) which is at perpendicular distance y(6)/a
from the cusp and tangent to the facet at point 4. The facet
shape is obtained as the 2D Wulff construction of y(6)/a.

Cartesian coordinates of the facet shape x,=(x,y,) are
given by

v(0)sin6+ 9 8(06) cosf

xf

»

9

y(0)cosb— 3 8(09) sin@

’

Aa
1
Aa

Yr=

which gives the facet outline parametrically in terms of 6
(Ref. 29). The shape of the facet outline is solely deter-
mined by y(6). The fact that the facet shape is given by a
2D Wulff construction based on the step free energy v(6)
has a simple physical explanation: Adjacent to the facet
edge, the slope of the rounded region approaches zero, so
steps become widely separated in the thermodynamic
limit. Thus, the edge of the facet may be regarded micro-
scopically as a single step encircling the (macroscopically)
planar facet region. The minimum-free-energy
configuration of this step is given by the 2D Wulff con-
struction.

To make it algebraically manifest that Eq. (9) indeed
expresses X o as the Legendre transform of y(6), we define

r5=L0 422 (10)
Aa
with s = —0dy,/0x,=tan6. Then (9) may be expressed as

Ylxs) f(s) XpS, Xgf 3’ s ax, . (11)

We may, therefore, write
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—B[?f’z*yo—}»axf’i-fl?zdl]

ypx )= lim —— —AT@) VS, |, (12)

1
e —-kBTln%Tre

where L, =L /(1+52)!/2, L is the line representing the microscopic step (see Fig. 2 and below), % is the (2D) normal of
L, and 3 4 sums over systems with all possible macroscopic step orientations 6. Equation (12) will form the basis of our

grand canonical series expansion for y (x ).

To elucidate the physical content of Eq. (12), it is useful to derive it directly from the grand canonical formulation of
the ECS. If we define = —Ax,, then Egs. (4) and (6) give x, implicitly as the solution to

lim lim

—kgTInY Tre
n—»nf Axy—>oo Axy B 2

{@}

~

where A/:=/72—2Z. While the sum in (13) extends over
systems with all possible interface configurations, only
those with vicinal surfaces contribute in the limit n— 1.
We can, therefore, restrict the ensemble to the subspace
of systems which have a single step running across the
facet of interest, i.e., we take Sia—2e and
I { rﬁl_’ﬂi o~ A strip of the interface of such a system of
width L, is shown in Fig. 2, projected onto the xy plane.
A2 =0 everywhere on the interface except on the “cliffs”
of height a (represented by lines in the figure). We may,
therefore, write for the field term of Eq. (13)

n-f&(Amx,Amy)dé°=an~de.L7z
=anny+a~qx’i-de.L2 , (14

FIG. 2. A strip of vicinal surface projected onto the xy plane.
The shading represents lattice planes of spacing a at different
levels. The strip contains a “bare” step .L (bold line) and excita-
tions on the terraces to either side of the step (closed curves). fi
is the 2D microscopic normal to the step in the xy plane. The
field contribution to the grand canonical Hamiltonian
n: f A2y, A, )dS=an: f all curvesd-L 7 vanishes  around

closed curves and therefore couples only to the “bare” step.

—3[71“3} +11-fe?(Amx,A/ny )dS)]

— 4,,T2)—Vf, | =0, (13)

where we have taken advantage of the fact that these in-
tegrals vanish when taken around closed islands. Substi-
tuting this into (13) and noting that the 7, term is in-
dependent of step configuration establishes (12) without
any direct reference to y(0).

Equations (9) and (12) give the size of the facet at given
A. Experimentally, however, we would like to know the
coordinates of the facet relative to the physical size of the
crystal. As a theoretically convenient and experimentally
well-defined measure of the crystal size, we take the
center-of-crystal to center-of-facet distance, which is sim-
ply I“(x’fxf)/)» [cf. Eq. (3)]. The relative facet coordinates
(&s,my) are, therefore, given by

(gf,n,)=}i~(xf,yf) . 15)

(M)
Finally, we remark that, for some intervals of 6, the
facet plane may be discontinuously truncated by Wulff
planes from a part of the Wulff plot distant from the
facet’s cusp. For such 6, vicinal planes are thermo-
dynamically unstable and y(6) does not exist. Where
v(0) does exist, the corresponding facet shape is (for
short-ranged forces) smooth for all 0< T < T%, because
the step is essentially a 1D object and can have phase
transitions [i.e., cusps in y(0)] at T =0 only. We now
turn to the problem of calculating explicitly low-
temperature expansions for the step free energy and facet
shape of the SC Ising model.

III. LOW-TEMPERATURE SERIES
FOR THE SIMPLE-CUBIC ISING MODEL

The Hamiltonian of the nearest-neighbor (NN) SC Is-
ing model is

H=—J 3 o0,0;, (16)
(NN)

where the “spins” o ;=21 are located at the vertices ofa
simple-cubic lattice of lattice constant a and the sum is
over nearest-neighbor pairs. To keep our equations un-
cluttered in the remainder of this paper, we shall set the
overall scale factor Aa3/J =1 and measure lengths in
units of a, temperature in units of J/kp, and energy in
units of J. (We shall also drop the subscripts on x, and
v from here on.) In the lattice-gas interpretation of (16),
o;= +1 means site j is occupied (by an ‘“‘atom™);
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0;=—1 means site j is vacant. This model has a bulk
phase transition at 8, =0.221655 (Ref. 30). For T <T,
there may be a first-order interface between a predom-
inantly o;=+1 phase and a predominantly o;=—1
phase. The ECS is a cube at T=0. For 0<T <Tjy all
interface orientations are expected to be stable.’! -At
T =0 the (100) facet consists of a plane of bonds between
spins of opposite sign. As T increases, fluctuations are
excited as spins flip in the bulk (gas atoms and vacancies)
and on the interface (adsorbed and desorbed atoms). This
is most easily visualized not in terms of broken bonds but
in terms of their dual-lattice plaquettes. Each plaquette
corresponds to a unit of interfacial area and costs energy
2 (i.e., 2J).

In order to study a step on a (100) interface, we need to
make appropriate changes in the Hamiltonian (16). Con-
sider the Ising system as filling a box of volume ¥V and
height L, in which (100) lattice planes of area A are
stacked at z==+1,+3 +2, .. .. To eliminate wall ener-
gies and to enforce a (100) interface, connect the box
periodically in the x and y directions and antiperiodically
in the z direction. The (100) interface can be stabilized at
z=0 by applying an infinitesimal external symmetry
breaking field, as described, for example, by Weeks
et al.'> The ground state of this interface is a plane of
plaquettes at z=0. Let the coordinates of the dual-
lattice sites in this plane be given by two integers (n,,n,).
We now modify the lattice by piercing it with two screw
dislocations of Burgers vector —Z at (0,0) and +2 at
(N,M). This forces a step into the interface running from
(0,0) to (N, M) at average angle 6 =arccos(N /L) with the
length L =(N2+M?)!/2, Between the dislocations, this
step divides the interface into an upper and a lower ter-
race. We chose to enforce the step in this manner (rather
than by boundary conditions) for combinatorical reasons.
We envision the ground state of the interface with this
step to be planar everywhere except for the “tear” con-
sisting of the |N|+|M|=K extra plaquettes consituting
the shortest possible step from (0,0) to (V,M). This state
has _degeneracy dy(N,M )=(|f4\ ), because the step may
stride |N| times in the x direction and |M| times in the y
direction in any order [Fig. 3(a)]. As T increases, atoms
adsorb and desorb on the facet and the step will begin to
lengthen and to develop overhangs [Fig. 3(b)]. The total
free energy of this system will have contributions scaling
like V from the bulk, like 4 from the (100) interface, like
L from the step, and like L, from the screw dislocations,
plus end effects of order unity from the regions where the
step terminates. Since we wish to extract the step free en-
ergy, we must also subtract the screw-dislocation contri-
bution in addition to the bulk and surface terms already
subtracted in Egs. (8b) and (12). It turns out that the
screw dislocations do not contribute to the orders con-
sidered in our calculation. Thus, we absorb them, for no-
tational convenience, in the bulk free-energy term, i.e.,
fo—SfpT2(L,/V)f rew>» Where they can henceforth be
ignored.

In the canonical ensemble, the macroscopic orientation
of the step is fixed by fixing N and M. As a consequence,
plaquettes can only be excited in pairs so that # has ei-
genvalues E, =4n where n is one half the number of pla-
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(0,0)

FIG. 3. Typical step configurations of the simple-cubic Ising
(100) interface: (a) =0, (b) T >0. The “bare” step is, by our
convention, a non-self-intersecting line lying in the plane as in-
dicated by the bold line.

quettes. The lowest excited state corresponds to adding
two plaquettes to the step. The canonical low-T expan-
sion variable is, therefore, v =e %P, and the expansion of
the canonical partition functions becomes

Tre = %=dye 47K 114+ 3 g, (NM; 4;V 0" |,

n=1
17

where dg, is the degeneracy of the nth excited state.

In the grand canonical ensemble, step orientations are
summed over by summing over M at fixed N. The
ground state is then nondegenerate and corresponds to a
straight step of N plaquettes from (0,0) to (N,M =0). Be-
cause M is free, plaquettes can be excited one at a time
with the lowest excited state corresponding to the two
steps of N +1 plaquettes from (0,0) to (N,M ==1). The
expansion variable is now w=e #=v7y. At order w"

the step can terminate at the n-+1 positions
[N,M(n,m)], where M(n,m)=n—2m with
m&{0,1,2,...,n}. For a step terminating at M, the
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field contribution to the Hamiltonian is
xX- f dL7=—xM and the grand partition function be-
comes

%Trexp [—B [?[i’o*x’i-fidifz ] ]

= "2B(4+N) 1+ zg-n(x)wn , (18)
n=1
with
n K
g’n(x)= 2’ M g(n_M)/Z(N’M;A;V)
M =n(mod2)
X[2 cosh(BxM)—8,4] , (19)

where the prime indicates that the sum is over even (odd)
M if n is even (odd), and we have taken advantage of the
symmetry, g,(N,M)=g,(N,—M). Low-T expansions for
I'(2) and f,, take the form*?

[(2)=2—T3 I/ (20)
j=2
and
fo==T3 fyp’. @1
j=3

Low-T expansions of y(6) and y(x) are obtained by sub-
stituting (17) and (18) [and also (20) and (21)] into (8b)
and (12), respectively, to obtain

y(0)=2(c +s5s)—T[(c +s)In(c +s)—c Inc —s Ins]

1 .
— T jlim _]21‘?’; — AT, = Vf, ! (22)
and
y(x)=2—Tlim £ | ywi— 3 (AT, +Vf, w? | |
N—wo N =1 = i

(23)

where ¢ =|cosf|, s =[sinf|. 3 ,y;v/ and 37 ,y;v/ are
the series expansions of In(1+37_,g,v") and
In(1+3°_,8,w"), respectively. Note that, if the limit of
Eq. (23) is to exist, then y 44 cannot contain any A4- or V-
dependent terms. Equation (22) shows that, at 7 =0,
v(6) has cusps at 6=0 and symmetry equivalent angles.
It follows from the symmetry of the lattice that, at finite
temperature, 9y (60)/90=0 at 6=1/4 and 6=0. Since all
step orientations are stable, Eq. (9) then implies that, con-
veniently, y(0)=y (0) and y(7/4)=V2p(x =y).

To calculate the degeneracies g,, it is most useful to
develop a diagrammatic notation. To this end, we distin-
guish three classes of excitations [see Fig. 3(b)]. These
are (1) single-layer adsorptions and desorptions on the
upper ‘and lower terraces but not overhanging the step,
(2) multilayer excitations and overhangs, and (3) bulk ex-

citations (bubbles), i.e., excitations not topologically con-"

nected to the main sheet of plaquettes. Class 2 may be
further subdivided into configurations not containing
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2D

3D

FIG. 4. This figure illustrates that the step cannot be chosen
as a single non-self-intersecting line without ambiguity. For the
configuration shown, that ambiguity arises in the same way for
the 2D and 3D Ising models. If we let white be “up” and shad-
ed be “down,” this configuration could be considered to be ei-
ther a step with a downward indentation and a white discon-
nected excitation or a step with an upward indentation and a
shaded disconnected excitation. At each order considered in
this paper, the number of ambiguous 2D configurations equaled
the number of ambiguous 3D configurations (Ref. 34).

overhangs, so-called solid-on-solid (SOS) configurations
and non-SOS configurations. If we include only class 1
and class 2 SOS configurations, we obtain the expansion
for the corresponding SOS model.!* For combinatorial
convenience, it is our convention here to take the step it-
self (the “bare’ step) to be a single, non-self-intersecting
line lying in the plane. Since this line cannot generally be
chosen without ambiguity in the presence of additional
excitations (see Fig. 4), summing over all possible distinct
lines (of some given length) in accordance with this con-
vention leads to an overcounting which must be compen-
sated. The method described below turns out to handle
this problem automatically, at least to the orders calcu-
lated. We shall comment further on this point at the end
of this section. For class 1 configurations, we adopt the
diagrammatic notation shown in Fig. 5. Class 2 and 3 ex-
citations will be denoted by self-explanatory pictures
(Fig. 6).

Each diagram contains the “bare” step plus a number
(possibly zero) of disconnected parts denoting additional
excitations. These disconnected parts contain contribu-
tions to facet and bulk free energies in addition to the
step free energy. The contribution to the step free energy
results from the fact that the presence of the step reduces
the number of configurations available to the disconnect-
ed excitations. Since a given state of # corresponds to a
fixed number of plaquettes, we can describe this interac-
tion as being due to two mechanisms: First, disconnected
diagrams abutting the step are not allowed because this
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would annihilate plaquettes and, secondly, disconnected
diagrams straddling the step are not allowed as this
would create plaquettes. We may, therefore, write for the
class 1 diagram & ~2D

S~D=8XD—($~D), , (24)

where (£~2D),; denotes the number of I configurations
disallowed in the presence of the step &. For singly
disconnected diagrams we have

(&~D")y=(&~D") , H(S~DY)g , (25)

where (£~2D), denotes the number of abutting and
(8£~2D)g the number of straddling configurations. Multi-
ply disconnected diagrams are more complicated but the
same general principles apply.

If we were to allow only desorptions on the upper ter-
race level and adsorptions on the lower, interface
configurations would be isomorphic to those of the 2D Is-
ing model with an interface between “up” and ‘“down”
phases in lieu of the step. For this model the interfacial
free energy I')p(6) and the ECS y,p(x) are known exact-
ly.!"71% Although the symmetry of 7 between adsorp-
tions and desorptions destroys this isomorphism, we can
still take advantage of the exact 2D solution to simplify
the full 3D combinatorics. Note that class 1 diagrams
can equally well be used in the expansion of I',(6) and
yop(x), if we ignore the fact that they are to represent
both adsorptions and desorptions. In 2D, the nature of
the “interaction” between disconnected parts and the
step remains unchanged from 3D (dual-lattice bonds re-
placing dual-lattice plaquettes), so Egs. (24) and (25) hold
also for the 2D interpretation of the diagrams. For singly
disconnected diagrams (£~D');ps=2(&~D')pg, as
both adsorptions and desorptions can straddle the step.
However, & and (£~D') 4 have the same value, whether
interpreted as 2D or 3D configurations, because adsorp-
tions (desorptions) are allowed to abut the step on the
upper (lower) terrace. This allows us to shift the necessi-
ty for doing the explicit combinatorics of many 2D
configurations up by several orders from where they first
occur by writing

generic

symbol diagram definition

So — i x [number of configurations
of a step of IMI+INI+n plaquettes
whose ends are fixed at (0,0)

n
~A= IMI+INI
‘Sn —e-o—s—s and (N,M)]; dOE[ M ]
Dl I:I number of configurations avail-

lable to ad/desorptions of the
shape indicated

2| o

S~D I_IN[ 1 B} alg x(number of disconnected

configurations possible in the
presence of the step indicated)

FIG. 5. Definitions for class 1 diagrams.
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# | DIAGRAM WEIGHT
INIINI1) | IMI(MI+1)
I I MR N
1I [._.~I:I]A 2(K--INK—M')
1 INIONI1) )
111 ﬂ {i[__—((lMH DaMI2) K+MH+N +2)+INM|}
K+1 INMI
+2W+K— —K——z} + {NeM}
2
V| (T 1), | {200 v+ (o)
\Y% [._. - B JA ax- M 5
Ag3:
[ CLASS 1 ]
# DIAGRAM WEIGHT
1] - [H ~ L -K
Hl.,
Ag4:
CLASS 1
DIAGRAM WEIGHT
- [n~ B]Z —(K+2)x(I)
DS
3 _[H{:}L —(K+1)
DS

ST

50 - [HJIBLDS —2K~—(ID)

6 A[-—w(gﬂ an+K
CLASS 2

# DIAGRAM WEIGHT

7 -1D

8 2K

FIG. 6. A list of the diagrams which had to be evaluated ex-
plicitly to obtain the correction terms to the 2D Ising model at
the orders indicated. Each of the class 2 and 3 diagrams shown
has another version in which gas and solid sites are symmetri-
cally interchanged. All these configurations are, of course, in-
cluded in the weights given. Only V- and A4-independent terms
are given; as in the text, K =|M|+|N|. The subscript 4 indi-
cates that the number of forbidden abutting configurations is to
be counted. The subscript 2DS means that the number of for-
bidden straddling configurations of the diagram, interpreted as a
2D diagram, is to be calculated. A(diagram) denotes the
difference between the 3D and 2D interpretations of the dia-
gram. The notation + {N<>M} means that the previous term
with N and M interchanged is to be added.
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Ags: CLASS 2
CLASS 1 # DIAGRAM WEIGHT
DIAGRAM WEIGHT 21 I_I" —(IV)
_ [ﬂ~ B L —(K+4)x(I1T)
- I
10| -(11- —(K+3)x( 20 N 2(K+2)x(D)
[I_I D LDS ( > I.-.
11| -1~ “2(K+2)x(D) +2 Nz;Mz 23 —- 8 INMI_ 12K -4
DS K
12| (11~ “2(K+2)x(I)— (IV
(IT [a]ms K2xD-AV) 24 2K
13 A[I‘I{UH IV)+ (K+2)x(T)
O 25 2x(IT)
0 2K—10x(1)42x(V)
14] Al e—n
B +K+6)x(II) 2% ) @Iy
15 o == -3K
il - e
16 12K+2NMIR
o0 " K(K-1)
17 —[-—u :]l -3K-4 CLASS 3
DS # DIAGRAM WEIGHT
28] I~ —2K
18| - [.-.~ 211 —8(K+1)—2x(II) 00
DS 29 ._.~B -K
19| - [._h :}3 l —2K—2x(IT)
DS
20| - [HNDJ]Z —2K-2x(II)
DS
FIG. 6. (Continued).
Y(O)=T(0) =T lim — 3 [(7,~¥2p)= A(T; = fap, )= Vf, o] 26)
—o L 2 j
© . AY} . © .
=Typ(0)—T 3 | lim —= |0/=Typ(0)=T 3 bjv 27)
j=1 {7 ji=1
and
y(x)=y2D(x)_TLllm —ll,_ E(yj_yZDj )w/—E[A(F,'—fZDb )+ Vfbi]wzi (28)
—® j=1 i=2 i
@ . Ay; . © .
=y,p(0)—T3, Lhm I w/=y,p(0)—T3 bjw’ . (29)
j=1 == ji=1

In these equations y,p, and Yap, are the 2D versions of y;

and y;, respectively, i.e., they are the terms in Egs. (22)
and (23) arising from the 2D interpretation of class 1 dia-
grams. f 2D, is the 2D bulk free energy for the 2D Ising

model. The effect of this rearrangement is that many

terms cancel in the outermost brackets of (26) and (28), so
that the number of diagrammatic terms corresponding to
Ay; and Ay; that remain to be evaluated is significantly
reduced (at least at low orders). This is a tremendous
simplification, as the order-by-order calculation of & and
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TABLE I. Summary of the low-7 expansion of the step free energy y ().
7(0)=F20(9)—T2b,,e_4ﬂ"
n=3
¢=|cosf|, s=|sinb|
3D Ising SOS
n b, 0=1/4 b, ="
4
3 —(c+s) -2 —(c+s) —Vv2
2 2 _ _ 2 2 —
4 2 4 +s)—2 ‘—+s~l —,5 21— —6(c+s)—2 C—+S—] ~1v3
c+s s c 2 c+s s c
et st ] 2 ct | st 2
St [ (Tes — S+ |+ Tes—1
5 2L3+c3]+c+s(7cs 1) 2|5+ o5 Tes—D
2 2 _ 2 2 _
—27(c +5)—8 [C—+s— l -8 —30(c +5)—12 lf-+5— } -5v32
s c 2 s c

(8~D) 4 diagrams is exceedingly tedious. Also, all terms
involving A and V vanish, as is necessary if the thermo-
dynamic limit L — oo is to exist. Because these terms
cancel, the Ay; and Ay; can be expressed entirely in
terms of the A4- and V-independent parts of g; and &,

If a;, Ag;, @;, and Ag; denote the A- and V-independent
parts of g,p , (8 —&2p,)s &2p,> and (g; —&,p, ), respective-
ly, we can, therefore, simply write

§A7/jvj=ln 1+§(a,.+Ag,.)u" —In 1+§aivil
ji=1 i=1 i=1

(30)
and
iijwj=ln 1+§(27,~+A§,~)wi —In 1+ ia“,.w"
i=1 i=1 i=1

(31

It is crucial here that a;, Ag;, @;, and Ag; contain not only
the terms of order L!, but also those of order L°, since
the latter get multiplied by order L! terms at higher or-
der in the expansion of the logarithms. The nonvanishing
a’s and Ag’s needed in (30) for the calculation of the Ay,
to order 5, inclusively, have the diagrammatic expansions

al=(I) »
a,=(III)—(1I) ,
Agy=(1), (32)

Agy=(2)+(3)+(4)+(5)+(6)+(7)+(8) ,
29

Ags= 3 (D),
D=9

where the numbers in parentheses label diagrams listed
(with their numerical equivalents) in Fig. 6. The correc-
tions Ay; can now be evaluated to eleventh order without

calculating additional diagrams. The expansions of the
necessary nonvanishing @; and Ag; are simply obtained
by appropriate substitution into Eq. (19) (put g =a to
evaluate @ and g = Ag to evaluate Ag).3?

To the orders calculated here, the method of expansion
described above solves the problems associated with the
ambiguity of defining the step as a single, non-self-
intersecting line (Fig. 4). We find that, with consistent
use of that definition, diagrams conspire such that the
number of overcounted configurations is the same for the
2D model as it is for the 3D model, so that they cancel in
the calculation of the Ag; (Ref. 34).

IV. RESULTS AND DISCUSSION

The results of our expansions are summarized in
Tables I and II. The series for I',(6) and y(x),p are
given in Tables III and IV (see also Appendix A). Let
y(6,N) and y(x,N) denote the series for y¥(8) and y (x)
summed to order N, inclusively. Figure 7 shows the be-

FIG. 7. Polar plots of the low-temperature series of y(6) at
the temperatures indicated. The different line styles indicate the
order to which the series was summed: the dotted line is the
first, the dash-double dotted line is the second, the dash-dotted
line is the third, the dashed line is the fourth, and the solid line
is the fifth order. At T =0.4 the divergent region about =0
and 7 /2 is still very narrow and barely resolved in the figure.
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TABLE II. Summary of the low-T expansion of the equilibrium facet shape y (x).

y(x)=y,p(x)—T3 b,(x)e "
n=6
x =cosh(fx)

3D Ising SOS
n b,(x) x=0 b,(x) x =0
6 -1 - —1 —1
7 —2x —2 —2x -2
8 —4y? —4 —4y*—2 —6
9 —8x+2x —6 —8x3—2x —-10
10 —16y*—16y*+3 —29 —16y*—24y*+8 —32
11 —32)5—72x3+ 68y —36 —32x°—88x>+ 74y —46

expansion as a function of 6. y(6,N) diverges about its
T =0 cusps at =0 and converges best at 0=m/4 (and
their symmetry equivalent angles). Interestingly, the an-
gular radius of convergence decreases with increasing T
and presumably vanishes at Ty, reflecting the singular
nature of the step free energy, which is expected to go to
zero in Kosterlitz-Thouless fashion like*3*

—C//Tg—T

v(6)—Be as T—>Ty , (33)

where B and C are constants. On the other hand, y (x,N)
converges best at x =0 (6=0), with a radius of conver-
gence in x which also appears to vanish as T— T;. Fig-
ure 8 shows y(x,11) as a function of x and the Legendre
transform of y(6,5), both normalized to the crystal dia-
meter [cf. Eq. (15)]. At low temperatures the grand
canonical series nicely fills in the part of the facet shape
not obtainable from the canonical series. Figure 9 shows
a plot of y(6,N) versus T in the symmetry directions
6=1m/4 and 6=0. These series appear to converge to the
asymptotic form (33) (see also Fig. 10) by developing
minima which move with increasing order toward the T
axis from below. This behavior of the series is consistent
with that of the BCRSOS model®’ which, for =1 /4, is
given to order v* in Appendix B.

To investigate the asymptotic properties of our series,
standard Padé and ratio methods®® cannot be used direct-
ly because the singularity of Eq. (33) is an essential singu-
larity. Since there is no obvious way of circumventing
this problem, we use alternate methods, motivated main-
ly from a study of the exact solution of the BCRSOS
model.%” The low-T series for y(w/4) of the BCRSOS
model (see Appendix B) is an alternating series: Order v
is negative, orders v2 to v'° are positive, orders v!! to v3°
are negative, and so on. The number of consecutive
terms of like sign presumably increases with increasing
order. For T 50.85T%, the convergence of this series is
dominated by the first sequence of positive terms, i.e., the
terms of order v" with n€{k,...,Il}, where k =2 and
1 =10 here. Let a, denote the coefficient of v". It turns
out that the ratio r,=a, /a, _,, decreases with n for
n€{k+1,...,1}=P. Hence, if T is sufficiently low
such that wvr, <1, it follows that vr,<1 for
n>m(n,m €P) and, therefore, the series 3! _,, ,a,v"
is bounded by the geometric series xa,,v™3iZ¢ ~lx/

j=0
=xa,,v"S(l,m), where x=vr,. Thus, if m<</, a
reasonable estimate for S e +1@,0" is

a,,v"xS (o, m)=a,,v"x /(1—x).

We shall assume that the generic form of the complete
series for the step free energy of the SC Ising model is
similar to that of the corresponding series of the

TABLE III. Coefficients of the low-T expansion of the 2D-Ising interfacial free energy I',p(6).

[yp(0)=2—T73, bm’l (8)e ~4hn

n=0

r bop, (6) c=|cosf|, s=|sinb|
0 (¢ +s)n(c +s)—c Inc —s Ins

1 (c3+53)/(cs)

2 [=3(cT+sT)+2s3+c3)]/(2¢353)

3 [He+sy—10(c®+5°)+3(c7+57)]/(3¢3s%)

4 [=31(cB4sB)+44(cB+513)—22(c M5+ 4(c%+5%)]/(4csT)

5 [121(c®+5Y)—204(c 7 +517)+132(c P +515)—40(c P +53)+5(c M +5 )] /(5¢°%5°)

6 [—515(cB+52)+1006(c?' +5)—786(c*+5')+312(c!7+5")—65(c 'S +55)+6(c3+5'3)] /(6c'1s')
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FIG. 8. The facet shape at different temperatures, normal-
ized to the center-of-crystal to center-of-facet distance as ob-
tained from the eleventh-order series for y (x) (dotted curve) and
the Legendre transform of the fifth-order series for y(0) (solid
curve). The nonphysical parts of the Legendre transform are
the result of the divergences of the series for y(6) (see Fig. 7).
Note that the dotted curves are not symmetric under reflection
about x =y. This effect is a consequence of distinguishing the x
and y axes in the grand canonical expansion and disappears at
infinite order. Because of the convergence properties of the
series, the best numerical estimates of the facet shape at finite
order are obtained for 0E€ [ /4,7 /2].

BCRSOS model. In order to estimate the error made in
truncating the series after order N, let us assume further
that the grand canonical series cannot converge
significantly better than the canonical series, so that we
can restrict our analysis to 6=m/4. For the Ising and
SOS models, the foregoing paragraph then implies that it
is reasonable to expect the series for the error
Ay=y(m/4) —y(7/4,N), for N =4, to be bounded by a

MARK HOLZER AND MICHAEL WORTIS

I&

geometric series, so that
Ay<Ay= —Tv”(bN+%)x/(l-—x) ,

provided 0 <x <1, where

s
by+52 A

N—1

X =V

/

is the ratio of the Nth to the (N —1)st term of y(w/4,N).
While it is only clear that this must be so at sufficiently
low T, we shall assume that Ay gives a reasonable error
estimate for fractional errors As/[y(7/4,5)+A;] as high
as ~10%. For N =5 we find that the fractional error is
less than (0.1%, 1%, 5%, 10%) for T <(1.72,1.92,
2.04,2.09); for N =4 these temperatures are (1.61, 1.78,
1.87, 1.90). For the SOS model the corresponding esti-
mates are for N =5, T <(1.73,1.93,2.07,2.12) and for
N =4,T<(1.51,1.62,1.66,1.67).

If we take the fractional error in approximating y(6)
by I',p(6) to be 1—T,5(0) /[y(7/4,5)+As] we find it to
be less than 1% for T <1.79 (less than 0.1% for
T <1.51). Below T =1.79 the order v* and v> non-SOS
contributions are less than 0.08 and 0.03%, respectively,
so that bubbles and overhangs are unimportant in this
temperature range. Above T =1.79, the facet-shape
anisotropy, as approximated by [y(7/4,5)
—(0,11)]/7(0,11), is less than 4 X 10™2 for both the Is-
ing and SOS models. At T =1.79, the normalized facet
radius p,=0.4. It follows that, in the region of tempera-
ture where the facet has experimentally significant anisot-
ropy (i.e., for T' 5 1.8), the facet shape is essentially given
by the 2D Ising ECS with the convergent corrections cal-
culated in Sec. II.

TABLE IV. Coefficients of the low-T expansion of the 2D-Ising equilibrium crystal shape y,5(6).

yZD(x)=2— TE EZDn (x)e_zﬁ”

n=1

n EZD,. (x) X =cosh(f8x)
1 2y

2 2x*—2

3 3’ —2x

4 4yt —4

5 2y +8x*— 14y

6 ZxS+32x*—46y>+ 2

7 12897+ 96y — 128)° + 14y

8 32x*+256x5—304x* + 16

9 2125%+640y" —608y° — 2y + 146y
10 3129194 1536y8 — 928 — 1504x* -+ 818y> — 122
11 2048 3114 3584y % — 512)" — 6560)°+3448)° — 146y
12 1024512 4 819710+ 3584y% —23 552+ 11 556)* — 3¢
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In the temperature range 1.8 <7 52.1, T is high
enough for the series to differ significantly from the 2D
Ising series but low enough for us still to have some
confidence that the series have converged. Assuming
that in this region y(7/4,5) and y (0, 11) are already well
approximated by their asymptotic form (33), one may
hope to extract the critical parameters B, C, and Ty.

(b)

FIG. 9. (a) The canonical series y(7/4,N) for the step free
energy and (b) the grand canonical series y (0,N) for the facet
shape, summed to the orders N indicated, as a function of tem-
perature. Conveniently, V'2y(x =y)=y(7/4) and y (0)=7(0) as
discussed after Eq. (23). The solid curves are the Ising result;
the dash-dotted curves are the SOS result.
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0.0 1.0 20 3.0
T

FIG. 10. The normalized facet radius p, in the symmetry
directions as a function of temperature. The lower (upper) solid
curve is calculated from the canonical (grand canonical) series
summed to fifth (eleventh) order at =0 (6=m/4). The dotted
curve is an extrapolation into the critical region, as described in
the text. The error bars indicate the uncertainty associated with
that extrapolation. The middle arrow indicates the Ty associat-
ed with the dotted curve. The arrow on the left-hand side
(right-hand side) indicates the lower (upper) limit of Tk, as es-
timated by Adler (Ref. 16) and corresponds to the lower (upper)
limits of the error bars shown.

Indeed, plots of
C(T)=—2Tg—T)**0Iny(6,N)/3T

and

B(T)=y(6,N)exp[C(T)/\V/'Tx—T ]

versus T for various values of Ty, at 6= /4 and 0, show
a plateau for Tp = Tp(jaeau)=2.46 over the temperature
range 1.8 7 $2.0. The failure of the plateau to extend
beyond 7 =2.0 is consistent with the convergence esti-
mates above. The functions B(7) and C(T) [which
would be constants if the series were exactly equal to (33)]
have qualitatively the same shape: For Ty > Tp, they in-
crease monotonically over the temperature range of in-
terest; for Ty < Tp, the plateau deepens into a minimum
which becomes deeper and more narrow with decreasing
Tr. Guided again by the BCRSOS model and the fact
that we observe no significant change in the plateau pa-
rameters from order N =4 to order N =35, we take the
plateau parameters to be the critical parameters. To ex-
tract these parameters numerically, we performed a
least-squares fit of the functional form (33) to
[v(m/4,5)+y(0,11)]/2 over a temperature interval of
width 0.2 centered at T* with fitting parameters B, C,
Ty, and T*. For the Ising model we obtain B =9.7+1.0,
C =2.05%0.15, and Ty =2.46+0.02 with T*=1.9. For
the SOS model B =10.3%+1.5, C=2.13%£0.15, and
Tk =2.4810.03 with T*=1.9. The uncertainties quoted
are associated with the fit and do not necessarily
represent an estimate of how close these numbers might
be to the true critical values. The roughening tempera-
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tures obtained in this way are consistent with
Ty (Ising)=2.475+0.075 and Tx(SOS)=2.54+0.07, as
obtained by Adler;!® for the Ising model, all the critical
parameters are consistent with B =9.84+2.0,
C =2.121%0.13, and TR =2.4410.09, as obtained from
Monte Carlo data for y(0).!> Figure 10 shows the T
dependence of the normalized facet diameter of the Ising
model, extrapolated all the way to Ty using our fit to Eq.
(33). The lower (upper) limit of the error bars shown
there correspond to fits obtained over the interval
1.905=T =1.955 with Ty constrained to be the lower
(upper) limit of Adler’s estimates for 7;. We emphasize
that we do not recommend the methods of this paper if
one is interested in Ty only (and not, for example, in the
amplitudes B and C also). In such cases, the series
methods of Weeks et al.,'>»* with their well-understood
asymptotic analysis,'® are probably more efficient. Our
calculation, on the other hand, is the only one so far to
address the anisotropic step free energy and the shape
and size of facets.

It is interesting to examine the assumption that the
series are already in the asymptotic regime over the tem-
perature range 1.8 ST <2.1 in the context of the Monte
Carlo simulations of Mon et al.'? While their data, extra-
polated to infinite system size, shows (33) to hold over the
entire temperature range 1.8 <7 < Ty, they fall below
the 2D Ising value by about 10% at T =1.8, where our
expansion implies that the 2D Ising result is a lower
bound. In principle, this discrepancy could be due to
large negative coefficients at higher orders of our expan-
sion; however, in light of the preceding discussion, this is
unlikely. A more likely source of error, as pointed out by
Mon et al. in Ref. 12, is the finite-size-scaling analysis of
the Monte Carlo data, performed with only three data
points at each value of 7. The fact that our critical pa-
rameters agree with those of Mon et al. in spite of these
problems is probably attributable to the sensitive depen-
dence of y(0) on the precise numerical values of the criti-
cal parameters.

V. CONCLUSIONS

We have shown how to calculate step free energies and
the corresponding equilibrium facet shapes in low-
temperature expansion. The combinatorics involved is
significantly reduced by structuring these expansions as
perturbation series about the interfacial properties of the
2D Ising model. The two expansions are related by a
Legendre transform and can be thought of as canonical
and grand canonical representations of the same physics.
The grand canonical form of the expansion gives the
facet shape where it is not accessible from the canonical
expansion of the step free energy.

At temperatures where the facet has experimentally
significant anisotropy, the facet shape is essentially given
by the 2D Ising ECS normalized to the facet’s surface
free energy, with convergent corrections displayed in
Tables I and II of this paper. Corrections to the 2D Ising
result due to additional (non-2D) SOS, overhanging, and
bubble configurations enter at orders e ~12%/, ¢ 7165/ and
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e ~20B) respectively. These corrections are less than 1%
for 0<T<1.79=0.72T; and less than 0.1% for
0<T <1.51=0.61T;. In this temperature range,
overhangs and bubbles are unimportant. At higher tem-
peratures the facet shape is nearly circular, with a nor-
malized facet radius of less than 0.4 and anisotropies of
less than 0.1%. Numerical extrapolations into the
asymptotic critical temperature region of the step free en-
ergy yield roughening amplitudes consistent with recent
Monte Carlo data.’>? The effect of non-2D-Ising
configurations is to raise the roughening temperature
from T,(2D Ising) to the true T (an increase of ~9%)
and to build in the proper Kosterlitz-Thouless roughen-
ing singularity.

The facet-shape information provided by Figs. 8 and
10 is potentially useful in analyzing experimental data
from any real crystals which may be modeled by the
nearest-neighbor SC Ising model, but for which the
effective nearest-neighbor coupling is unknown. For ex-
ample, Ty is often difficult to measure by direct observa-
tion of the vanishing of the facet, either because the facet
edge cannot be located precisely’’ (and/or is very sensi-
tive to dynamical effects) or because the roughening tran-
sition is preempted by bulk melting. In such situations, it
may be feasible to measure the facet diameter in one of
the symmetry directions at a lower temperature T.,;.
The corresponding reduced temperature T can be read off
Fig. 10, from which the effective nearest-neighbor cou-
pling is determined as J =kpT,,,/T. The roughening
temperature is then given by (from Ref. 16)

Ty =(T.,/T)(2.47540.075) .

exp

In nature most crystals are unfortunately not simple
cubic, and next-nearest-neighbor interactions cannot al-
ways be neglected. As long as interactions remain
nearest neighbor, generalization is straightforward. If
next-nearest-neighbor forces must be accounted for, the
nature of the problem changes drastically. The energy of
a configuration will now depend not only on the number
of plaquettes but also on the number of corners. This
makes the combinatorics very difficult and completely
different in character from what we have had to deal with
here. It is clear that, in any case, it will be useful to ex-
pand about a 2D model describing the central layer con-
taining the step. An interesting open question is whether
the step free energy is rigorously bounded from below by
the interfacial free energy of that 2D model and, if so, un-
der what conditions.

ACKNOWLEDGMENTS

We thank T. Templeton for showing us how to use the
minimization software MINUIT. One of us (M.H.) would
like to thank Simon Fraser University for financial sup-
port in the form of a graduate scholarship. This work
was funded in part by the Natural Sciences and Engineer-
ing Research Council of Canada.



I&

APPENDIX A: SERIES
FOR THE 2D ISING MODEL

The interface free energy per unit length and the ECS
of the 2D Ising model are given in their most convenient
form in Refs. (17) and (19), respectively, as

BT ,p(0)=|cos@|arcsinh(c|cosO|)

+ |sin@|arcsinh(a|sinf|) (A1)
and
|y,p(x)|=T arccosh % —cosh(Bx) |, (A2)
where
1 1—4h2 2
a=— (A3)
h 1+(sin220+4h2c05229)“2]
and
p=Smh2B (A4)
cosh“2f3

Expanding (A1) in powers of v =e ~*# and (A2) in powers
of w=e A, we obtain (with the aid of an algebraic ma-
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nipulation computer program) the series displayed in
Tables IIT and IV. In the symmetry directions these ex-
pressions simplify to

FZD(O):y2D(O)=2+ T ln(tanhB)

n

=227 3 & (A5)
Rogq =1 n
and
T/I—_EI‘ZD(W/4)=y2D(x =y,5)="T In(sinh2B)
=2—7 2+ 3 2
n=1 n
(A6)

APPENDIX B: SERIES FOR y(7/4)
OF THE BCRSOS MODEL

Reference 7 gives a closed form series for the BCRSOS
facet shape in terms of implicitly defined functions.
Reexpanding this series (with J—2J to make contact
with the energy scale of this paper) in powers of
v =exp( —43) we obtain, aided by the algebraic manipu-
lation program REDUCE,
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FIG. 1. Perspective view of a fixed-@ cut through the ECS
and its Wulff plot as described in the text. The Wulff plane
shown is tangent to the ECS at point B in the rounded or rough
region of the ECS. In the limit as ¢—0 (f—%) this plane in-
tersects the facet plane, which is the Wulff plane of the cusp,
along a line (dashed) which is at perpendicular distance y(8)/a
from the cusp and tangent to the facet at point 4. The facet
shape is obtained as the 2D Wulff construction of y(0)/a.



FIG. 2. A strip of vicinal surface projected onto the xy plane.
The shading represents lattice planes of spacing a at different
levels. The strip contains a “bare” step .£ (bold line) and excita-
tions on the terraces to either side of the step (closed curves). @i
is the 2D microscopic normal to the step in the xy plane. The
field contribution to the grand canonical Hamiltonian
n-fa,(Am,,Amy )de?=a'qvf_“ cuedLn  vanishes around
closed curves and therefore couples only to the “bare” step.
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FIG. 3. Typical step configurations of the simple-cubic Ising
(100) interface: (a) T=0, (b) T >0. The “bare” step is, by our
convention, a non-self-intersecting line lying in the plane as in-
dicated by the bold line.



2D

3D

FIG. 4. This figure illustrates that the step cannot be chosen
as a single non-self-intersecting line without ambiguity. For the
configuration shown, that ambiguity arises in the same way for
the 2D and 3D Ising models. If we let white be “up™ and shad-
ed be “down,” this configuration could be considered to be ei-
ther a step with a downward indentation and a white discon-
nected excitation or a step with an upward indentation and a
shaded disconnected excitation. At each order considered in
this paper, the number of ambiguous 2D configurations equaled
the number of ambiguous 3D configurations (Ref. 34).



